The Thiele-Wilson system, a simple model of a linear, triatomic molecule, has been studied extensively in the past. The system exhibits complex molecular dynamics including dissociation, periodic trajectories and bifurcations. In addition, it has for a long time been suspected to be chaotic, but this has never been proved with mathematical rigor.
Introduction
Since the invention of modern computers, numerical methods provide a useful tool to study the properties of dynamical systems. The entire theory of chaos in dynamical systems would probably not have been invented without the possibility to explore orbits and trajectories of nonlinear dynamical systems through a numerical solution of the underlying equations of motion.
However, due to rounding and truncation errors, the results of numerical studies are in general not exact, but only approximate the true solutions. Especially for chaotic systems (that exhibit an extreme sensitivity of the solutions of the equations of motion w.r. to the initial value), the slightest numerical error may cause numerically calculated solutions to be completely wrong and useless. Consequently, when the chaoticity of a dynamical system is to be proved rigorously through numerical studies, one must pay close attention to the question of the reliability of the computed results.
Interval analysis is a branch of mathematics that provides a very elegant way to obtain numerical results with proven reliability. When one adopts the methods of interval analysis appropriately, the obtained results rigorously enclose the exact solution in a box. If a certain property can be shown to hold for all points inside the box, this property must also be true for the exact solution. As a mathematical theory, interval analysis is based on denitions, lemmas, theorems and their proofs. The interested reader is referred to Moore 1] (elementary) and Neumaier 2] (advanced) for an introduction to interval analysis. The present paper extends the technique of Neumaier & Rage 3] , designed for applications to discrete dynamical systems, to a simple continuous-time dynamical system, the so-called Thiele-Wilson system, which has often been used as a model for a collinear triatomic molecule.
Speci cally we prove with mathematical rigor that a Poincar e map of this system contains at least one homoclinic xed point. From its existence follows, that the phase space of this system contains a subset of points on which the Hamiltonian ow of the system is mixing (Smale-Birkho theorem, cf. 12], p. 252). This property is generally taken as a de nition of 'local' or 'topological' or 'soft' chaos of the system. In contrast to 'hard' chaos, such a system contains also regular regions (cf. gs. 3 and 4), whose size can vary depending on energy and system parameters, but cannot be determined by the method used here for the proof.
In section 2 we brie y discuss the Thiele-Wilson system. We introduce Poincar e maps of this system in section 3, and explain in section 4 the chaos criterion that we attempt to verify for a speci c Poincar e map. Section 5 provides a short discussion of the interval techniques we use to rigorously implement this chaos criterion into a computer-assisted proof. Finally, we present in section 6 the numerical results that verify the chaos criterion for the Thiele-Wilson system. We end with a short discussion in section 7.
The Thiele-Wilson system
Consider a collinear, triatomic molecule in the absence of external forces and molecular rotation (i.e. total energy, center of mass and total momentum are conserved, and the latter is zero). The geometry of the model is shown in gure 1. 
With these values, the model approximates a collinear H + 3 -system in its electronic ground state quite well. Figure 2 shows equipotential lines of this system for integer energies between ?4 eV and 4 eV. Notice that the energy scale in (2) is chosen such that the rst dissociation limit is at energy E = 0 eV. In the following we always consider this system at the energy E = ?1 eV. The thick line in gure 2 corresponds to a simple periodic trajectory, called the symmetric stretch of this system at this energy. The period T of this trajectory is approximately T = 13:5208 fs.
3 Poincar e maps 
de ne a system of ordinary di erential equations of the form _ x = g(x).
The Poincar e map of some trajectory x(t) is obtained by integrating this system from an initial value x 0 at t = 0, and tracing out the sequence (x 1 (t j ); x 3 (t j )) of points at times t j at which x 2 (t j ) = 0 and x 4 (t j ) > 0. One can show that this procedure de nes a 2-dimensional, area conserving, invertible map F E : ID IR 2 ! ID through F E (x 1 (t j ); x 3 (t j )):=(x 1 (t j+1 ); x 3 (t j+1 )) (10) which is called the Poincar e map. The index E on F expresses the fact that { for a given surface of section { the map does only depend on the (conserved) system energy E = H(x), which can be considered as a continuous parameter.
Note that a periodic trajectory produces a periodic orbit in any Poincar e map of the system, and that the stability type of the orbit will be the same as the stability type of the trajectory. Thus, Poincar e maps reduce our problem of studying a four dimensional ow to the study of a family of two dimensional maps. 
using a Gear-Hybrid integration routine. An interactive FORTRAN program to produce and analyse phase portraits of Poincar e maps of the Thiele-Wilson system was provided by Seiter 11] . We do not discuss the details of this picture, but only state that it shows a very regular pattern, that can be described as a hierarchy of islands. The interested reader is referred to the textbooks of Guckenheimer and Holmes 12] or Tabor 13] for a general discussion of the dynamics of nonlinear dynamical systems. Figure 4 shows a phase portrait of a Poincar e map with a di erent surface of section. In contrast to gure 3, this picture exhibits much less regular patterns but most points seem to be scattered quite randomly in the plane. Phase portraits like that of gs. 3 and 4 are usually interpreted as a proof of chaos in the system. However, since we want to establish here a mathematically rigorous proof of chaos, we have to use a precise criterion for chaos, which we take from Smale 14 ].
The Chaos criterion
We brie y discuss the chaos criterion that we attempt to prove for the Poincar e map shown in gure 4. More extensive discussions can again be found in references 12] or 13].
For any xed point x of a invertible map F with inverse F ?1 , its stable and unstable sets W s (x ) and W u (x ) are de ned through W s (x ):=fx 2 j lim n!1 F n (x) = x g; (12) and W u (x ):=fx 2 j lim n!1 F ?n (x) = x g; (13) respectively. These sets are nonempty, invariant under F, and { in the case of an area preserving map { form manifolds of ID (cf. Smale 14] ). The symmetric stretch of the Thiele-Wilson system is (at most system energies) an unstable trajectory that produces a hyperbolic xed point x = (x 1 ; x 3 ) = (0; 0) in those Poincar e maps for which the surface of section satis es n 1 = ?n 2 and a 1 = a 2 . Through a careful choice of starting points (analogous to the description in 3]), parts of the two manifolds of the hyperbolic xed point x = (0; 0) were traced out in gure 5. One clearly sees the hyperbolic xed point in the center of the picture, marked through a transversal crossing of the two manifolds.
Note that, close to the xed point x , the two manifolds look almost linear. This illustrates the observation, that close to a xed point x any map F is well approximated by the linear mappingF (x) = x + F 0 (x )(x ? x ): The matrix F 0 (x ), the Jacobian of F at x , is de ned by
Figure 5 suggests, that there exist transversal intersections of the two manifolds distinct from the xed point; any such intersection point is called a transversal homoclinic point. It is a result of Smale 14 ] that a conservative map containing at least one transversal homoclinic point is a mixing system, and therefore (by de nition) chaotic at least in the vicinity of the hyperbolic xed point. Consequently, if gure 5 was an exact picture, i.e. if the two lines would exactly show parts of the manifolds of the xed point, it would be a su cient proof of the chaoticity of the Thiele-Wilson-system. However, the two lines were constructed by connecting some points that were calculated via an approximate method to solve the equation of motion of the system. Figure 5 therefore give us only (at best) an approximate picture of the manifolds of the system, and { from the point of view of a mathematician { cannot serve as a proof of anything.
Interval techniques
In the following, we describe a strategy to rigorously prove the existence of one of the transversal homoclinic points that are present in gure 5. To do so, we rst recall some basic de nitions of interval analysis:
An interval x is de ned as a closed subset of the real line IR.
An interval vector is a vector with interval components, and an interval matrix is a matrix with interval entries.
With F : ID IR n ! IR m being a function, an interval enclosure y of the image F(x) of an interval (vector) x is an interval (vector) that satis es F(x) 2 y for allx 2 x: (15) With F 0 being the Jacobian of a function F, an interval enclosure Y of the Jacobian F 0 (x) of an interval (vector) x is an interval (matrix) that satis es F 0 (x) 2 Y for allx 2 x: (16) Additionally, we introduce the term linear enclosure: Consider a curve x(t) (e.g. a trajectory or a manifold) that is parametrized through the parameter t. A local representation of x(t) is given through a point x(t 0 ) of the curve and the tangent vector K(x(t 0 )) of the curve at x(t 0 ). In a similar way, a local enclosure of the curve inside an interval vector is established through an interval and interval vectors ; x 0 and K such that:
For any t 2 , the corresponding point x(t) is contained in .
For any t 2 , the tangent vector of the curve at the point x(t) is contained in K.
At least for one t 0 2 , the interval vector x 0 encloses the point x(t 0 ) of the curve.
We call such a local enclosure of a curve a linear enclosure and use the short hand notation x(t) 2 f ; ; x 0 ; Kg. A graphical representation of a linear enclosure of a a 2-dimensional curve is contained in 3].
Rigorous veri cation of transversal homoclinic points
A complete discussion of the mathematical background and computer implementation of this method together with its application to Chirikov's standard map is given in Neumaier & Rage 3]. Here, we brie y explain the main steps of the underlying strategy. To ease the formulation, let W s=u (t) denote parametrizations of the stable/unstable manifold of the hyperbolic xed point, respectively. These parametrizations are chosen such that W s (0) and W u (0) both describe the hyperbolic xed point.
In a rst step, one has to verify rigorously the existence of a hyperbolic xed point x of the map and to construct a narrow interval enclosure of it.
Next, one constructs linear enclosures f s=u ; x ; s=u ; K s=u g of the two manifolds W s=u of the hyperbolic xed point for some narrow intervals s=u that enclose x . This is done through the construction of appropriate intervals s=u 
In this case, x h is a valid enclosure of the corresponding transversal homoclinic point, and the chaos proof is perfect. We note, that the chances of a successful chaos proof depend crucially on a good choice of the iteration numbers N s=u as well as the parameters t s=u 0 and s=u as explained in 3]. If this is not done carefully, the enclosure (22) will not hold, and no conclusion can be drawn. Of course, if no homoclinic point exists in a neighborhood of the suspected point, (22) will be violated no matter how the parameters are chosen.
Interval enclosures for Poincar e maps
Our strategy to enclose transversal homoclinic points is based on the possibility to calculate narrow interval enclosures for F(x) and F 0 (x) of a given mapping F for any interval x. Several methods to calculate such interval enclosures for explicit functions are discussed in 2]. In the case of a Poincar e map F E of the Thiele-Wilson system (an implicit function), we can construct interval enclosures of F E (x We then integrate the initial value problem, obtaining interval vectors x(t j ) until we nd a time point t j such that max x 2 (t j ) < 0 ; min x 4 (t j ) > 0; (23) min x 2 (t j+1 ) > 0 ; min x 4 (t j+1 ) > 0:
By continuity, there is a time t 2 t j ; t j+1 ] such that the trajectory x(t) satis es x 2 (t) = 0, x 4 (t) > 0. To improve the accuracy, we restart the integration with a smaller steplength from the initial value x(t j ). As a result, we obtain two new numbers j 1 and j 2 such that max x 2 (t j 1 ) < 0 ; min x 4 (t j 1 ) > 0; 
Here L(x) is known and M(t) can be found from an interval integration of the extended initial value problem
with initial values x(t = 0) = x 0 and M(t = 0) = 1, the 4 4 unity matrix.
With these de nitions, we nd that at some time point t j with x 2 (t j ) = 0 and x 4 (t j ) > 0 we have 0 B B @ 
6 Numerical results
In this section we present the numerical results that lead to a rigorous verication of chaos in the Thiele-Wilson system. All interval calculations were performed on a IBM 3090-180 computer where the programming package ACRITH-XSC 16] was available to us. An ACRITH-version of the AWA program for the interval enclosure of initial value problems, described in Lohner 15] , was provided this author, and some special ACRITH programs (implementing the ideas described in 3] and in the previous section) were written by us.
The numerical calculation of interval enclosures of F and F 0 of a Poincar e map with the AWA program is a very CPU time consuming procedure. With reasonable choices of the step size and order parameters of the AWA program, the performance of only one time step t n ! t n+1 of the interval integration of the initial value problem took about 8:5 seconds machine time. To compute one iteration of the mapping F E took about 2 hours machine time. The computation of the derivative F 0 E is even more time consuming and took about 8 hours machine time. To perform all the calculations necessary to rigorously enclose a transversal homoclinic point { including all unsuccessful trial calculations { took us about 6 month real time and used about 2000 hours CPU time. However, this slowness seems to be mainly due to the implementations of the interval arithmetic and of the version of the AWA program available to us, and not to the inherent complexity of the enclosure problem.
In the presentation of our results, we follow the notation of 3] in order to allow for a comparison with the detailed discussion therein. Thus, from now on, the varible t denotes no longer time, but the variable parametrizing the manifolds. We concentrate on the Poincar e map characterized by the choice (cf. 
Conclusions
A Poincar e map like that of gure 3 will normally convince a physicist that a dynamical system is chaotic, though this is no proof whatsoever. Further con rmation can be obtained by showing { by standard numerical integration with approximate error control { the existence of an unstable xed point of the system under discussion plus one homoclinic point, as Berblinger and Schlier 5] have done for the Thiele-Wilson system. No physicist will doubt such a proof of chaos.
But if one wants mathematical rigor, one must additionally believe that some shadow theorem is applicable, or that the world is continuous anyhow. It is therefore gratifying that the implementation of modern interval arith-metic on computers (carefully employing directed rounding and the like) allows one to go one step further, and make such proofs mathematically rigorous. Like other mathematical proofs, only human errors (in the implementation of interval arithmetic, or in the special programs needed for the problem) can make it invalid.
In this paper we have shown for a simple molecular model with two degrees of freedom that such a proof of chaos can indeed be implemented. The techniques used in this and the former paper 3] are quite general, and can be modi ed easily for other systems. We feel that they are more general than the pioneering chaos proof by Rod, Pecelli & Churchill 17] for the HenonHeiles system. Still, it is clear that for the physicist an amount of rigor like that applied here will remain an exception.
More generally, however, this example shows that interval methods to establish rigorous numerical proofs are now available to the physicists, and may be useful in other elds, too. 
